
Biogeochemical cycles: Example of a sulfur box model 
 
LetÕs assume the following simplified geochemical cycle for steady-state sulfur cycling through 
the ocean (o), shale (s), and evaporite (e) reservoirs on Earth. 
 
Recall that the driving forces behind the fluxes are sometimes not well understood.  The 
approach to modeling the fluxes amongst these three reservoirs (Fos, Fso, Feo, and Foe) of mass Mo,  
Ms, and Me is to empirically scale the models as various-order dependent equations (e.g., 0th, 1st, 
2ndÉ o rder). We will assume a 1st-order dependence, which means the flux rate is linearly 
dependent upon the mass in the reservoir.  If the mass of the reservoir doubles, then the flux rate 
doubles. Likewise, if the mass is cut in half, then the flux rate is cut in half. This assumption has 
been found to be reasonable in other geologic cycles. For example, in the carbon cycle the rate of 
plant photosynthesis has been experimentally shown to be proportional to the amount of CO2 in 
the atmosphere. 
 
The expressions for 1st-order are of the form F12 = k12M1. If the fluxes and masses are known, 
then k12 = F12 / M1. 
 

 
 
Given the numbers in the figure above we can determine all the starting k values (i.e. linear rate 
constants) in units of millions of years-1. 
 



kos = 36/1300,  kso = 36/2700,  koe = 64/1300,  keo = 64/5000 
 
 
To solve for the changes in reservoir sizes with time we need to resort to some math. (This is why 
we make geology majors take a minimum of 2 semesters of calculus. The more math you have under your belt, the 
better equipped you will be to solve/understand these problems). 
 
The solution for these linear cycles involves a little bit of matrix algebra. We need to keep track 
of the amount of component (Ai) in each reservoir with time (t).  The flux (Fij) formalize as the 
change in Ai with time can be written, 
 

 Fij =  dAi ->j / dt = -kij Ai 

 
This needs to be done for all reservoirs. Mathematically, the sum over all reservoirs is expressed 
as  
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Where n = the number of reservoirs. 
 
For a  two-reservoir geochemical cycle, its evolution can be written by the two following rate 
equations: 
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Diagrammatically this is shown in the figure below. 
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In matrix form these can be rewritten as, 
 

!  

d
dt

A1

A2

" 

# 
$ 

% 

& 
'  =

( k12 k21

k12 ( k21

) 

* 
+ 

,  

- 
.  

A1

A2

" 

# 
$ 

% 

& 
'   

 
The above ÒkÓ matrix is a square matrix.  It is an n x n matrix, which can be symbolized as 
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The ÒA Òcolumn is an n vector, which is symbolized as 
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A vector or matrix can be multiplied by any other number (b).  For example each of the numbers 
in 
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K can be multiplied by b.   
 

A square n x n matrix (e.g., K ) transforms an n-vector  (e.g., 
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by the following multiplication rule. 
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The multiplication of K times a sum of vectors is the same as the sum of K multiplied times each 
vector. Matrix operations are really just a short-hand notation for functions that take vectors into 
other vectors. This is shown as,  
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The most fundamental properties of any square matrix are its eigenvalue and eigenvector.  
 

WeÕll define E as the eigenvalue and 
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 as the eigenvector, such that  
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LetÕs work an example with real numbersÉ  
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LetÕs randomly choose a vector, 
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Using the rules above the matrix multiplication becomes, 
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Note that there is NO number E that satisfies the equation, 
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There is however a special vector that does satisfy the conditions for an eigenvector.  This is the 
vector, 
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Using the eigenvector (
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) as above, we get, 
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The eigenvalue in this case is Ð3. 
 

Recall we can multiply any vector by any number (e.g., b). If 
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. Think of the eigenvector as a direction whose length is not important. One can check to see 
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Most n x n matrices will have exactly n eigenvectors.  Just beware that there are cases of n x n 
matrices with fewer eigenvectors, but never can an n x n matrix have more than n eigenvectors. 
 
 
 
Now that youÕve been introduced to eigenvalues and eigenvectors,  letÕs return to the problem of 
a two-reservoir geochemical cycle.  
 

Using calculus, the time-domain solution to the equation 

!  

d
dt

A
1

A
2

" 

# 
$ 

% 

& 
'  =

( k
12

k
21

k
12

( k
21

) 

* 
+ 

,  

- 
.  

A
1

A
2

" 

# 
$ 

% 

& 
'   has the form 

 
 

!  

A t( ) = a1e
E1t " 1 + a2e

E2t " 2  
 
Where E1 and E2 are the eigenvalues and 
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To obtain the eigenvalues of K we need to solve the case. 
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The solution to this quadratic is  
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If E1 = 0, then 
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or  
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Which yields 
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Letting A1 equal to 1 simplifies things and allows us to find the eigenvector, where 
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To solve for the other eigenvector we must solve for K
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or  
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These equations reduce to A1 = -A2,  and setting A1 to 1 again, results in 
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Now that we have formulated the eigenvalues and eigenvectors of K, the general form can be 
written for the time-dependent solution for the reservoirs. 
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The initial condition of the cycle (i.e., setting time (t)  = 0) is defined as follows, 
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In matrix form this is written as, 
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The matrix of eigenvectors is given as, 
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The solution to the above matrix is,  
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The inverse matrix form this is written as, 
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Combining the above equations leads to an important result that describes the time-dependent 
evolution of perturbed reservoir masses.  It is equally important to note that with time, the cycle 
will always return to a unique steady-state.  Here are two equations, 
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The transient term in the above equations (the part with time in it) will decay with time. The 
amount of time needed to remove any effects of perturbation is call the response time of the 
cycle.  
 
The response time (! ) is given as, 
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In other words, this is the time needed to reduce the perturbation to 1/e of the original size. 
 
 
Recall the residence times in multi-reservoir cycles are different from the response time. 
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Application of equations to a simplified two-reservoir carbon cycle. 
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Fluxes in units of 1015 gC per year 
 
 
Assuming steady-state, in units of 1015 gC, the rate constants are: 
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The residence times are the inverse: 
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The response time: 
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The fact that the response time is faster than the residence time indicates the system has stable 
collective behavior.  If one cycle has a particularly large residence time, then the response time is 
controlled by the cycle with the short residence time.  
 
 
LetÕs perturb the system by adding 50 x 1015 gC from the biosphere to the atmosphere via 
deforestation.  The initial conditions are given as: 
 

 
 

1 - Atmosphere 
690 x 1015 g C 

 
 

2 - Biosphere 
450 x 1015 g C 



!  

A1
0 = 740 

 

! 

A2
0 = 400 

Using the rate constants and the above equations, the amount of carbon in the atmosphere and 
biosphere would decay according to the following equations. 
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with t = years. Examine the response with time on the graph below. 
 

 
The graph above also considers the scenario where we add 50 x 1015 gC to the atmosphere by 
burning fossil fuels. Note that each reservoir eventually accommodates the newly added carbon. 
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