Biogeochemical cycles. Example of a sulfur box nodel

L etOsssume the following smplified geochemical cycle for steady-state sulfur cycling through
the ocean (0), shde (s), and evaporite (€) reservoirs on Earth.

Recall tha the driving forces behind the fluxes are sometimes notwell uncerstood. The
approah to modding the fluxes anongg these three reservoirs (F, F,, F.., and F,) of mass M,
M, and M, is to empirically scale themodels as variousorde dependent equaions(e.g., 0", 1%,
2"E o rder). We will assume a 1%-order dependence, which meansthe flux rae is linearly
dependent uponthe mass in the reservoir. If the mass of the reservoir doubes, then theflux rae
doubks. Likewise, if themassis cut in half, then the flux rate is cutin hdf. This assumption ha
been found b bereasonable in aher geologic cycles. For example, in thecarbon g/cle therate of
plant phobsynthesis has been experimentally shown to beproportond to theamount of CG, in
the aamohee.

The expressionsfor 1%-order are of the form F,, = k;,M,. If the fluxes and messes are known,
then k,= F, / M,.
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Given the nunbersin thefigureabovewe can ddermine al the starting k vdues (i.e. linear rate
congants) in unis of millionsof years™.



k.. = 361300, k = 362700, k. =641300, k, = 645000

To lve for thechanges in reservoir Szeswith time we need to resort to some math. (Thisiswhy
we make geology majors take a minimum of 2 semesters of calculus The more math you have unde your belt, the
better equipped youwill beto solve/lunde standthese problems).

The solution forthese linear cycles invaves alittle bit of matrix algebra We need to keep track

of the amourt of comporent (A) in each reservoir with ime (t). Theflux (F;) formalize as the
changein A, with time can be written,

Fi= dA,;/dt=-k A

This needsto bedore for dl reservoirs. Mathematically, the sum ove dl reservoirs is expressed
as

dA _ < \
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Where n =the nunber of reservoirs.

For a two-reservoir geochemical cycle, its evolution @an bewritten by the two following rae
equaions

dAi " KA+ KA,

d_AZ = k12A1 " k21A2

A

In matrix form these can be rewritten as,

A% )k, kzp"Aﬂ
dtf&*mz (Kys

The abovexOmatrix is a square matrix. It isan n xn matrix, which can besymbolized & K.

The G\ @olumn is an n vector, which is symbolized & A.



A vector or nmetrix can bemultiplied by any other number (b). For example each of the numbers
in K can bemultiplied byb.

A sguae n xn matrix (e.g., K ) trandorms an n-vector (e.g., Z) into another n-vector (e.g., B)
by the following multiplication rule.

where

The multiplication ofK times a sum of vectorsis the same as the sum of K multiplied imes each
vector. Matrix opeationsare really jus a short-hand nogttion for fundionsthat take vectorsinto
other vectors Thisis shown s,

#u " " "
I_{°¥A+ cf‘= KA+KC
The modg fundamental propeties of any gjuare matrix are its eigenvalue and eigenvector.
WeQll defineE as the eigenvaue and W as the eigenvector, such that

KW=EW

LetOsvork an example with real nurrbersE
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LetOgandomy choos a vector,

Using therules abovethe matrix multiplication beomes,

%1 2,11% (11 + 203% 759
She 11 (2dhe B (213 %58

Note that thereis NO nunber E that satisfies the equation,
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There is however a special vector tha does satisfy the conditionsfor an @genvector. Thisisthe
vector,
- #18
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Using theeigenvector (" ) as above we Qet,
1 -1 2|1 -1-1 + 2--1 (_3) 1
I_( = = =|— =—3
(3) [1 -2(-1) (1-1 + -2--1) 3 -1

Theeigenvdue in this case iSEB.

#
Recall we can multiply any vector by any number (e.g., B. If " isan @genvector, then 0 is
bW. Think of the eigenvector as a directionwho< length is notimportant. One can check to e

#2 8
tha the vector 002( aong with the matrix abowve has an egenvaue of £8.

Mog n x n matrices will have exactly n eigenvectors g beware tha there are cases of n xn
matrices with fewer eigenvectors, butnever can an n x n matrix have more than n eigenvectors

Now that youOvéeen introduced to eigenvalues and @genvectors, letOseturnto the problem of
atwo-reservoir geochemical cycle.

. . . . : A% )( Ko Kyl AD
Using alculus the time-domain olution © the equaion i 2 ' hastheform
dt Az * k12 ( k21 &

At) = ae™ "1+ a,e™
Where E, andE, aretheegenvduesand ,and ™" aretheeigenvectorsof matrix K.

To obtin the eigenvdues of K we need to solve the case.
‘" k12 ! E k2l
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or
(k, + E)(ky, + E)" (k,ky ) =0
The solutionto this qualratic is
E, =0

and
E,="(k,+k;)

To obtin the eigenvectorswe need to olve KW, =E, ¥,

or
#h, k84, A,
%(}(12 ) 21(;!_ 1_=E+ 1.
12 k21 AZ- *AZ-
If E; =0, then
#. ]
%(}Cklz "kZI z-l_Al = O
12 k2] AZ_
or
" kA + kA, =0
kA - kA, =0
Which yields
A= S2p
k21

Letting A, equd to 1 smplifies thingsand allows usto find the eigenvector, where
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To lve for the other eigenvector we must solveforK™, =E,",

#k12 kZl&Al’ )Ai;
0 =" k
G, rioba: " ekl



or
—k,A + KA, = _(k12 + kzl)Al
kA + KA, =" (k12 + k21)A2

These equationsreduce to A, = -A,, and stting A, to 1 aan, resultsin

— %1
2—%&

Now tha we have formulated the eigenvdues and eégenvectorsof K, the general form can be
written for the time-dependent solution far the reservoirs.

Al+) — Ai(t) — 0t ! (ko +kyp )t 1
ORI [E—;]We( ("

Theinitia condiion of the cycle (i.e, stting ime (t) =0) is defined as follows,

A'=A+A,
ELYYS
Ky,
In matrix form thisis written as,
A= A
The matrix of @genvectorsis given as,
1 1
W= & -1
kZl
The solutionto theabovematrix is,
A= kes(A+ AY)



and

A, = KA + Ky

K, + Koy
Theinverse matrix form this is written as,
Z _m #1X6
Wherethe inverseis
n #1 1 $CZI k21 '

- ki, + ks, %12 #kzlz

Combining the aboveequdionsleadsto an important result that describes the time-dependent
evolution of perturbed reservoir masses. It is equdly important to noke tha with time, the cycle
will dways return b aunqueseady-state. Here are two equdions

A(1) 2
)=
' klZ + k21 klZ + k21

0 0
Az(t) — klz('Al + AZ) _ klZ'AI0 — k21Ag e—(|<12+k21)t
k12 + k2l k12 + k21

Thetrangent term in theabove equations(the pat with time in it) will decay withtime. The
amountof time needed to remove any effects of paturbaion is call theresponse time of the
cycle.

Therespong time (/) isgiven as,
1

] —_
response”
Ko + Ky

In other words this is the time needed to reduce the peturbaion o 1k of the original sze.

Recall the residence times in multi-reservoir cycles are different from the response time.

wl 1
residence
klZ



and

n2 —

1
residence
k21

Application of equationsto asmplified two-reservoir carboncycle.
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Fluxesin unis of 10° gC pe year

Assuming geady-state, in units of 10° gC, the rate condants are:
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Theresidence times are the inverse:
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Therespons time:
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1ePonse Kk, +k,, 0.04348+0.0667

=9.lyears

Thefact tha therespon time is faster than the residence time ind cates the system has stable
collective behavior. If onecycle has apaticularly large residence time, then the respong timeis
controlled by hecycle with the short residence time.

LetOperturbthe system by adding 50 x D* gC fromthe biogphee to the atmogphee via
deforestation. Theinitial condtionsare given &s.



A’ =740

A) =400
Using therate congants and theaboveequations theamountof carbon intheatmoghee and
biogphee would decay accordingto the following equaions

Ai(t) - 690+ 5% 0.11018
and
A,(r) = 450" 50¢ 011015

with t = years. Examinethe response with time onthe grgph below.
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The graph @owve dso consders the scenaio where we add 50 x 16 gC b theatmogpheae by
burning fossi| fuels. Note that each reservoir eventually accommodates the newly added carbon.

A(1=")=720.310"¢gC
A, (t=")=469.7x10°¢gC



